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Curvature effects on the surface viscosity
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Abstract

We analyse the flow of a nematic liquid crystal close to a cylindrical surface. As a first result, we show that it is not possible
to decouple the motion equations for the director and the macroscopic velocity. Nevertheless, we derive an expression for an
effective viscosity, which can be used in the dynamic boundary condition linking the time derivative and the gradient of the
director angle on the surface. The effective viscosity so obtained may be greater or smaller than its planar counterpart, depending
on both the concavity of the surface and the sign of the Leslie coefficientsα2 andα3. In particular, in materials that align in
shear, the correction to the surface viscosity changes sign depending on whether the angle between the director and the surface
normal exceeds or not a critical value.
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1. Introduction

Nematic liquid crystals are anisotropic fluids, composed by elongated molecules which possess head-and-tail symmetry.
Their configuration may be described by assigning at each point thedirector, that is, a vectorn ∈ S

2 parallel to the local
molecular direction. The inversion symmetry which characterizes the nematic molecules implies that all constitutive equations
describing a nematic sample must be symmetric under the reflectionn ↔ −n.

The bulk equations governing the flow of a nematic liquid crystal, first derived by Ericksen [1,2] and Leslie [3], are able
to describe in a satisfactory way the dynamics of a defect-free material away from the boundary. Much effort has been made
in order to determine the correct dynamic boundary conditions to be imposed on a flowing nematic liquid crystal. Rapini and
Papoular [4] proposed the first static model for the treatment of nematic boundaries. Some years later, the first time-dependent
boundary condition was proposed by Pikin et al. [5], and then Derzhanski and Petrov [6] put forward a systematic theory
involving a surface viscosityhγs, whereh is a length andγs a bulk viscosity, to be introduced in the phenomenological
dynamic boundary condition

hγsϑ̇s = Kϑ ′
s + Ks. (1.1)

In (1.1), ϑs denotes the angle between the surface director and the normal to the surface,K is an average elastic constant,
andKs is the torque exerted by the surface. The boundary condition (1.1) has been widely used thenceforth [7–11]. Recent
measurements [12] have estimatedh in the range of 10 nm, even if the characteristic surface relaxation time which would
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be associated with such a surface length is in partial disagreement with the fast switching times involved in surface bistable
devices [13,14].

Durand and Virga [15] have illustrated a possible hydrodynamic origin of the phenomenological boundary condition (1.1).
They hypothesize the existence of aboundary layer, where the surface orienting field is diluted, and study the planar flow of a
nematic liquid crystal bounded by an infinite plane. In this setting, and applying Ericksen–Leslie theory, they prove thatϑ̇ , the
time-derivative of the director angle, andv′, the flow gradient, are related to the elastic and surface specific torques through:

ϑ̇ = Kϑ ′′ + Ks

γs(ϑ)
and

v′
2

=
(

γ1

γs(ϑ)
− 1

)
Kϑ ′′ + Ks

γ1 − γ2 cos 2ϑ
. (1.2)

In (1.2), theeffective viscosityγs is defined as

γs(ϑ) := γ1 − 2
g2(ϑ)

f (ϑ)
, (1.3)

with

f (ϑ) := 2α1 sin2ϑ cos2ϑ + α4 + (α5 − α2)cos2ϑ + (α6 + α3)sin2ϑ and
g(ϑ) := α2 cos2ϑ − α3 sin2ϑ.

(1.4)

The material coefficients{α1, . . . , α6} are the Leslie coefficients, whileγ1 := α3 −α2 andγ2 := α6 −α5. An effective viscosity
alike (1.3), arising from the separability of the equations for flow and molecular orientation, was first introduced by Van Doorn
[16], and then used in [17].

The field equations (1.2), when integrated across the boundary layer (of widthh), yield to(1.1), and give a physical meaning
to the phenomenological quantities introduced therein. In particular, Eq. (1.3) shows that the effective viscosity to be introduced
in the boundary condition (1.1) depends on the director orientation.

In this paper, we generalize the analysis of [15] to study the flow of a nematic liquid crystal bounded by a curved surface.
We derive the motion equations for the director and the macroscopic velocity, valid both in the bulk and close to the boundary,
and compare different classes of special solutions, in order to highlight the motions most influenced by the curvature of the
boundary. We find that the curved surface influences the motion equations only when the normal to the surface varies along the
stream lines, that is when(∇sν)v is not null, where∇sν denotes the surface gradient of the normal unit vector.

Furthermore, we prove that the phenomenological boundary condition (1.1) can still be used, provided we modify properly
the definition ofγs, to take into account the curvature effects. In fact, the surface viscosity depends not only on the director
direction, but also on the curvature and the concavity of the bounding surface. The sign of the curvature corrections is not fixed.
In particular, for materials that align in shear, it changes when the angle between the director and the unit normal crosses a
critical value, which depends on the degree of orientation of the nematic.

The plan of the paper is as follows. In Section 2 we briefly recall the Ericksen–Leslie theory of nematic flows. Section 3
specializes the preceding field equations to the case of a nematic flowing around a cylindrical surface. In Section 4 some special
solutions of the field equations are studied, in order to highlight the particular motions in which the curvature effects are more
tangible. In Section 5 we integrate the field equations over the boundary layer, and we derive the dynamic boundary condition
to be imposed on a nematic liquid crystal flowing close to a curved surface. We retrieve an equation similar to (1.1), with an
effective viscosity modified by the curvature of the boundary. Finally, in Section 6 we summarize the main results obtained in
this paper.

2. Balance equations

The dynamic balance equations of the forces and the torques applied in the bulk of a nematic liquid crystal have been derived
by Ericksen [1,2] and Leslie [3]. In both equations, we will as usual neglect molecular as well as rotational inertia.

In the absence of external fields (other than the field induced by the surface), the balance of forces reduces to

−∇Ws + div T = 0, (2.1)

whereWs is the surface potential energy. The stress tensor can be decomposed in an elastic and a viscous part:T = Te + Tv,
with

Te = −pI − (∇n)T
(
∂We

∂∇n

)
and

Tv = α1
(
n · (sym∇v)n

)
n ⊗ n + α2ω ∧ n ⊗ n + α3 n ⊗ ω ∧ n + α4 sym∇v + α5(sym∇v)n ⊗ n

+ α6 n ⊗ (sym∇v)n. (2.2)
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In (2.2),p is the hydrostatic pressure,n denotes the director field,v is the macroscopic fluid velocity,We is the elastic free
energy density of the liquid crystal [18], andω is the angular velocity of the director relative to the fluid:

ω = w − 1

2
rotv, with ṅ = w ∧ n.

We remark that the elastic part of the stress tensor may fail to be symmetric, even if it turns out to be so in the context of the
one-constant approximation we will apply below. The viscous partTv could be symmetric only if bothα2 = α3 andα5 = α6;
we will show in Section 5 that most liquid crystal materials do not obey to these conditions.

The balance of torques requires the elastic, the viscous and the surface torques to be equilibrated:

Ke + Kv + Ks = 0, (2.3)

where:

Ke = n ∧
(

div

(
∂We

∂∇n

)
− ∂We

∂n

)
, Kv = −γ1ω − γ2 n ∧ (sym∇v)n, and Ks = −n ∧ ∂Ws

∂n
. (2.4)

Clearly, Ks is expected to be significantly different from zero only close to the boundary. In (2.4) we have supposed that
ω · n = 0. This can always be assumed, since the angular velocityw is defined up to an additive term of the typeλn, and it
always exists aλ that makesω orthogonal ton.

2.1. Parametrization

We want to apply the balance equations (2.1) and (2.3) to study the flow of a liquid crystal close to a cylindrical surface. To
this aim, and introducing the orthonormal basis{er , eϕ , ez} shown in Fig. 1, we write

n = cosξ(t, r)cosϑ(t, r) er + cosξ(t, r)sinϑ(t, r) eϕ + sinξ(t, r) ez and

v = vr (t, r) er + vϕ(t, r) eϕ + vz(t, r) ez. (2.5)

Thus, we assume that radial as well as translational symmetry along the axis of the cylinder exists. The directorn is orthogonal
to ez whenξ = 0, orthogonal toeϕ whenϑ = 0, and orthogonal toer whenϑ = π/2; it is parallel toez whenξ = π/2.

The equation of continuity of the incompressible fluid restricts the valuesv may attain:

div v = v′
r + vr

r
≡ 0 ∀r ⇒ vr (t, r) = R0(t)

r
v0(t). (2.6)

Furthermore, if the fluid is bounded by either an inner or an outer cylindrical surface of radiusR, the normal component of the
velocity must vanish at the boundary:vr (t,R) = 0, and so, by (2.6),vr (t, r) ≡ 0 for all t andr .

Fig. 1. Geometrical setting fit to describe the flow close to a cylindrical surface. The directorn determines an angleξ with the plane orthogonal
to ez , while ϑ is the angle between the projection ofn in the same plane and the radial unit vectorer .
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When the nematic flows around a cylindrical surface, curvature effects are expected to be more tangible when the unit normal
varies along the stream lines. In cylindrical coordinates, the unit normalν coincides with the radial unit vectorer , and thus

(∇sν)v := [
(I − er ⊗ er )∇er

]
v = 1

r
(eϕ ⊗ eϕ)v = vϕ

r
eϕ.

In fact, we will show in Section 4 below that the motion equations are sensibly different from their planar counterparts when
the material flows tangentially around the external surface.

2.2. Elastic energy

In the following, and in order to better compare our results with those illustrated in the Introduction, we will use the one-
constant approximation for the elastic potential:

We(n,∇n) = K

2
|∇n|2 = K

2

(
ξ ′2 + cos2 ξ

r2
+ cos2 ξϑ ′2

)
,

where a prime denotes differentiation with respect to the radial variable. As a consequence,

Te = −pI − K(∇n)T(∇n) and Ke = Kn ∧ �n.

2.3. Surface potential energy

We will assume that the concentrated surface torques are replaced by a surface potential energyWs, diluted in a thin layer
close to the boundary [19,20]. In order to describe both homeotropic and planar anchoring, we assume the following functional
form for Ws:

Ws(n, r) := 1

2
Wsr (r) (n · er )2 + 1

2
Wsz(r)(n · ez)2. (2.7)

The potential energy (2.7) has been introduced in [21] as a generalization of the expression previously proposed by Rapini and
Papoular [4]. Independently of the dilution lawsWsr (r) andWsz(r), Ws is stationary with respect ton when the director is
directed along any of the three unit vectorser , eϕ , or ez. Homeotropic anchoring is enforced on the surface ifWsr � Wsz and
Wsr � 0. The preferred direction isez if Wsz � Wsr andWsz � 0. Finally,Ws pushes towards the tangential directioneϕ if both
Wsr andWsz are positive.

With the proposed surface potential energy, themolecular fieldHs, acting on the nematic close to the boundary, is given by

Hs := −∂Ws

∂n
= −Wsr cosξ cosϑ er − Wsz sinξ ez.

3. Flow around a cylinder

By using the parametrization (2.5), it is possible to write the angular velocity of the director as

w = λn − ξ̇ n‖ + ϑ̇ cosξ n⊥,

provided we define the unit vectorsn‖ := −sinϑ er +cosϑ eϕ andn⊥ := n∧n‖ that, together withn, complete an orthonormal
basis. Furthermore, and assuming from now on thatvr (t, r) ≡ 0 because of the equation of continuity of the fluid, we have:

∇v = −vϕ

r
er ⊗ eϕ + v′

ϕ eϕ ⊗ er + v′
z ez ⊗ er .

In particular,

rotv = −v′
z eϕ +

(
v′
ϕ + vϕ

r

)
ez

=
[
sinξ

(
v′
ϕ + vϕ

r

)
− v′

z sinϑ cosξ

]
n − v′

z cosϑ n‖ +
[
cosξ

(
v′
ϕ + vϕ

r

)
+ v′

z sinϑ sinξ

]
n⊥.

Finally, as we announced above, we determineλ in order to guarantee thatω · n = 0. This yields:

λ = 1

2
rotv · n = sinξ

2

(
v′
ϕ + vϕ

r

)
− sinϑ cosξ

v′
z

2
.
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3.1. Balance of torques

If we now replace the above expressions in (2.4), we obtain:

Ke = −K

[
ξ ′′ + ξ ′

r
+

(
ϑ ′2 + 1

r2

)
sinξ cosξ

]
n‖ + K

[(
ϑ ′′ + ϑ ′

r

)
cosξ − 2ξ ′ϑ ′ sinξ

]
n⊥,

Kv =
[
γ1 ξ̇ − (γ1 − γ2 cos 2ξ)cosϑ

v′
z

2
− γ2

4

(
v′
ϕ − vϕ

r

)
sin 2ξ sin2ϑ

]
n‖

+
[
−γ1

(
ϑ̇ − vϕ

r

)
cosξ + γ1 − γ2 cos 2ϑ

2

(
v′
ϕ − vϕ

r

)
cosξ + (γ1 + γ2)

v′
z

2
sinξ sinϑ

]
n⊥,

Ks = n ∧ Hs = (
Wsz − Wsr cos2ϑ

)
sinξ cosξ n‖ + Wsr cosξ sinϑ cosϑ n⊥.

The balance of torques (2.3) requires:


−K

[
ξ ′′ + ξ ′

r
+

(
ϑ ′2 + 1

r2

)
sinξ cosξ

]
+ (

Wsz − Wsr cos2ϑ
)
sinξ cosξ

+
[
γ1 ξ̇ − (γ1 − γ2 cos 2ξ)cosϑ

v′
z

2
− γ2

4

(
v′
ϕ − vϕ

r

)
sin2ξ sin 2ϑ

]
= 0,

K

[(
ϑ ′′ + ϑ ′

r

)
cosξ − 2ξ ′ϑ ′ sinξ

]
+ Wsr cosξ sinϑ cosϑ

+
[
−γ1

(
ϑ̇ − vϕ

r

)
cosξ + γ1 − γ2 cos 2ϑ

2

(
v′
ϕ − vϕ

r

)
cosξ + (γ1 + γ2)

v′
z

2
sinξ sinϑ

]
= 0.

(3.1)

3.2. Balance of forces

If we use the same parametrization for the stress tensor (2.2), we obtain:

Te = −pI − K

[(
ξ ′2 + ϑ ′2 cos2 ξ

)
er ⊗ er + ϑ ′

r
cos2 ξ(er ⊗ eϕ + eϕ ⊗ er )r + cos2 ξ

r2
eϕ ⊗ eϕ

]
,

Tv = α1

[
cosξ sinϑ

(
v′
ϕ − vϕ

r

)
+ sinξv′

z

]
cosξ cosϑ n ⊗ n

+
[(

ϑ̇ − vϕ

r

)
cosξ −

(
v′
ϕ − vϕ

r

)
cosξ

2
− vz

2
sinξ sinϑ

]
(α2 n‖ ⊗ n + α3 n ⊗ n‖)

+
(
ξ̇ − vz

2
cosϑ

)
(α2 n⊥ ⊗ n + α3 n ⊗ n⊥)

+ α4

[
1

2

(
v′
ϕ − vϕ

r

)
(eϕ ⊗ er + er ⊗ eϕ) + v′

z

2
(ez ⊗ er + er ⊗ ez)

]

+ 1

2

(
v′
ϕ − vϕ

r

)
cosξ

[
α5(sinϑ er + cosϑ eϕ) ⊗ n + α6 n ⊗ (sinϑ er + cosϑ eϕ)

]
+ v′

z

2

[
α5(sinξ er + cosξ cosϑ ez) ⊗ n + α6 n ⊗ (sinξ er + cosξ cosϑ ez)

]
,

and

∇Ws = ∂Ws

∂r
er + ∂Ws

∂(n · er )
(∇er )Tn =

[
W ′

sr
2

cos2 ξ cos2ϑ + W ′
sz

2
sin2 ξ

]
er + Wsr

r
cos2 ξ sinϑ cosϑ eϕ.

For the reader’s ease, we here recall that the divergence of a tensor, represented in cylindrical coordinates through

T = Trr er ⊗ er + Trϕ er ⊗ eϕ + Trz er ⊗ ez + Tϕr eϕ ⊗ er + Tϕϕ eϕ ⊗ eϕ + Tϕz eϕ ⊗ ez

+ Tzr ez ⊗ er + Tzϕ ez ⊗ eϕ + Tzz ez ⊗ ez,

with components depending only on the radial coordinater , is given by

div T =
(
T ′
rr + Trr − Tϕϕ

r

)
er +

(
T ′
ϕr + Trϕ + Tϕr

r

)
eϕ +

(
T ′
zr + Tzr

r

)
ez.
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Thus, the radial component of the balance of forces (2.1) yields a differential equation which determines the hydrostatic
pressurep, while the tangential and axial components complete, along with (3.1), a set of coupled motion equations for the
unknownsϑ , ξ , vϕ , andvz:


T ′
ϕr + Trϕ + Tϕr

r
− Wsr

r
cos2 ξ sinϑ cosϑ = 0,

T ′
zr + Tzr

r
= 0.

(3.2)

The second equation in (3.2) can be immediately integrated to give

Tzr(t, r) = A(t)

r
,

that is,

sinξ cosξ sinϑ

[
1

2

(
v′
ϕ − vϕ

r

)(
2α1 cos2 ξ cos2ϑ + α3 + α6

) −
(
ϑ̇ − vϕ

r

)
α3

]

+ v′
z

2

(
α3 sin2 ξ sin2ϑ + α4 + α5 cos2 ξ cos2ϑ + α6 sin2 ξ

)
+

(
ξ̇ − vz

2
cosϑ

)
cosϑ

(
α2 cos2 ξ − α3 sin2 ξ

) = A(t)

r
. (3.3)

On the contrary, Eq. (3.2)1 cannot be integrated directly. Nevertheless, using (3.1)2 to eliminate the boundary termWsr from
it, we can write it in the form

ψ ′ + 2
ψ

r
= 0 ⇒ ψ(t, r) = B(t)

r2
, (3.4)

provided we define

ψ(t, r) := 1

2

(
v′
ϕ − vϕ

r

)

× [
cos2 ξ

(
2α1 cos2 ξ cos2ϑ sin2ϑ − α2 cos2ϑ + α3 sin2ϑ + α5 cos2ϑ + α6 sin2ϑ

) + α4
]

+
(
ϑ̇ − vϕ

r

)
cos2 ξ

(
α2 cos2ϑ − α3 sin2ϑ

) −
(
ξ̇ − v′

z

2
cosϑ

)
sinξ cosξ sinϑ cosϑ(α2 + α3)

+ v′
z

2
sinξ cosξ sinϑ

(
2α1 cos2 ξ cos2 ϑ − α2 cos2ϑ + α3 sin2ϑ + α6

)
.

We will analyse Eqs. (3.3) and (3.4) in detail in the next section, but here we want to stress that their right-hand-side functions
A andB, which are to be determined by imposing the appropriate boundary conditions, vanish in some common situations.

• If the nematic is bounded by a cylindrical surface where both strong anchoring and no-slip conditions are imposed, the
velocity v and the time-derivativeṡξ andϑ̇ vanish at{r = R} at all times. Thus, if we replacer = R in both (3.3) and (3.4)
we obtainA = B ≡ 0 ∀t .

• If the nematic sample is much larger than the region in which the motion takes place, the macroscopic velocity and the
time-derivatives in the left-hand side of (3.3) and (3.4) will be negligible far away from the distorsion, while the right-hand
sides are forced to vanish asr−1 andr−2, respectively. Thus, in this case, the large-r decay of the left-hand sides requires
A = B ≡ 0 ∀t again.

In order to shorten our presentation, we will henceforth assume that either of the above assumptions holds, so that we can
neglect bothA andB, even if our results can be easily modified to take into account the general case.

3.3. Field equations

Eqs. (3.1)1, (3.1)2, (3.3), and (3.4) give a set of coupled differential equations for the molecular velocity and the director:
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


γ1 ξ̇ = Kξ + cosϑ(γ1 − γ2 cos 2ξ)
v′
z

2
+ γ2

4
sin 2ξ sin 2ϑ

ṽ′
ϕ

2
,

γ1 cosξ ˜̇ϑ = Kϑ + cosξ(γ1 − γ2 cos 2ϑ)
ṽ′
ϕ

2
+ (γ1 + γ2)sinξ sinϑ

v′
z

2
,

cos2ϑ f (ξ)
v′
z

2
+ cosϑ g(ξ) ξ̇ + sin2ϑ(α3 sin2 ξ + α4 + α6 sin2 ξ)

v′
z

2

+ sinϑ sinξ cosξ
(
g2(ϑ, ξ)

ṽ′
ϕ

2
− α3

˜̇ϑ)
= 0,

cos2 ξf (ϑ)
ṽ′
ϕ

2
+ cos2 ξg(ϑ)˜̇ϑ + sin2 ξ

(
α4 − α1 cos2 ξ cos2ϑ sin2ϑ

) ṽ′
ϕ

2

+ sinϑ sinξ cosξ

(
g2(ϑ, ξ)

v′
z

2
− (α2 + α3)cosϑξ̇

)
= 0.

(3.5)

In (3.5),f andg are the same functions already introduced in (1.4), that is:

f (ζ ) := 2α1 sin2 ζ cos2 ζ + α4 + (α5 − α2)cos2 ζ + (α6 + α3)sin2 ζ and

g(ζ ) := α2 cos2 ζ − α3 sin2 ζ.

Furthermore,g2(ζ,χ) := 2α1 cos2 ζ cos2χ + α3 + α6, andKξ , Kϑ denote the components of the elastic and surface torques
along the directionsn‖ andn⊥:

Kξ := K

(
ξ ′′ + ξ ′

r
+ sinξ cosξ

r2

)
+ [

K ϑ ′2 + Wsr cos2ϑ − Wsz
]
sinξ cosξ,

Kϑ :=
[
K

(
ϑ ′′ + ϑ ′

r

)
+ Wsr sinϑ cosϑ

]
cosξ − 2Kξ ′ϑ ′ sinξ. (3.6)

Finally, ˜̇ϑ andṽ′
ϕ stand for

˜̇ϑ := ϑ̇ − vϕ

r
and ṽ′

ϕ := v′
ϕ − vϕ

r
.

4. Cylindrical motions

Eqs. (3.5) are clearly unamenable for a complete analytical study. Nevertheless, it is useful to remark that they contain
only two types of terms depending explicitly on the radial coordinater . The static terms simply modify the elastic torques, and
reflect the difference between cylindrical and planar equilibrium configurations. On the other hand, the dynamic terms explicitly
depending onr are all multiplied byvϕ . They thus confirm that the structure of the motion equations feels the curved geometry
only when the external normal varies along the macroscopic stream lines. To illustrate better this effect, we will now compare
three different particular motions, obtained by requiring the director to lie in the planes orthogonal to the unit vectorser , ez,
andeϕ , respectively.

4.1. Tangential-axial configurations (ϑ ≡ π/2)

We begin by analysing the motions in which the director is everywhere orthogonal toer . By (3.5)2, (3.5)3, and (3.5)4,
this type of configurations can be stable only in the absence of any nontrivial macroscopic motion, since the motion equations
requirevϕ ≡ 0 andv′

z ≡ 0. Thus, only a uniform drift along thez-direction would be compatible with configurations in which
the director is always orthogonal toer . Finally, Eq. (3.5)1 trivially requires:

γ1ξ̇ = Kξ ;
obviously, there are no back-flow effects since no flow is present.

4.2. Axial-radial configurations (ϑ ≡ 0)

Let us now consider situations in which the director belongs to the plane determined byer andez. The field equations (3.5)2
and (3.5)4 now imply vϕ ≡ 0 (independently of the boundary conditions), while (3.5)1 and (3.5)3 yield:

ξ̇ = Kξ

γs(ξ)
and

v′
z

2
=

(
γ1

γs(ξ)
− 1

)
Kξ

γ1 − γ2 cos 2ξ
. (4.1)
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Eqs. (4.1) exactly coincide with the planar equations of motion (1.2), with the same effective viscosityγs as in (1.3). This effect
can be easily understood, since in this case the unit normal to the external surface does not vary along the stream lines of the
fluid, which are parallel toez. Thus, as in [15], back-flow effects just replace the viscosityγ1 with the effective viscosityγs,
which depends on the director orientation.

4.3. Tangential-radial configurations (ξ ≡ 0)

Let us finally consider the most interesting case, that is when the director lies in the plane orthogonal to thez-direction, so
thatϑ is the angle determined by the directorn ander . Eqs. (3.5)1 and (3.5)3 requirev′

z ≡ 0. Thus, the vertical component of
the molecular velocity must be constant. In particular, it vanishes if no-slip conditions are applied at the boundary or if the flow
is supposed to vanish away from the boundary. The remaining equations (3.5)2 and (3.5)4 yield:

ϑ̇ − vϕ

r
= Kϑ

γs(ϑ)
and

1

2

(
v′
ϕ − vϕ

r

)
=

(
γ1

γs(ϑ)
− 1

)
Kϑ

γ1 − γ2 cos 2ϑ
. (4.2)

Eqs. (4.2) have the same structure as (1.2). Nevertheless, in themv′
ϕ is replaced by(v′

ϕ − vϕ/r) but, most important,̇ϑ is

replaced by(ϑ̇ − vϕ/r). Thus, it is not possible to obtain an evolution equation for the sole director, that is, independent of
the macroscopic velocity. Clearly, the correction terms vanish ifr → ∞, since in that case the cylindrical symmetry tends to
coincide with the planar symmetry for which Eqs. (1.2) and (1.3) were derived.

Eqs. (4.2) reveal that back-flow effects in the bulk cannot be taken into account by just introducing an effective viscosity. In
fact, even when the elastic and surface torques are equilibrated (Kϑ = 0), Eq. (4.2)2 does not forbid a macroscopic tangential
flow, provided thatv′

ϕ = vϕ/r . Then, by Eq. (4.2)1, this flow creates a rotation of the director. This effect is peculiar of the
curved geometry, since Eq. (1.2) shows that in a planar flow the macroscopic velocity and the variations of the director must be
sustained by an elastic or a surface torque.

5. Surface dynamics

We now focus in the dynamics within theboundary layer, where the surface potential is concentrated. To this aim, we
assume that the widthh of the boundary layer is much smaller than the characteristic length of the system. In particular,h � R.

As soon as we spread the surface torques over the boundary layer, the actual boundary becomes afreesurface, where the
anchoring condition becomes(∇n)er = 0, sinceer is parallel to the normal to the surface. In our cylindrical geometry this
impliesξ ′(t,R) = ϑ ′(t,R) ≡ 0 for all t . Thus, close to the external surface,

ξ(t, r) = ξ(t,R) + 1

2
ξ ′′(t,R)(r − R)2 + o

(
(r − R)2

)
and

ϑ(t, r) = ϑ(t,R) + 1

2
ϑ ′′(t,R)(r − R)2 + o

(
(r − R)2

)
.

In the following we will use the notationsξs(t) := ξ(t,R) andϑs(t) := ϑ(t,R) to denote the surface values of the anglesξ

andϑ . It is then allowed to assume thatξ(t, r) ≡ ξs(t) andϑ(r, t) ≡ ϑs(t) in the whole boundary layerr ∈ [R,R + h] provided
that

ξ ′′(t,R) � 1

h2
and ϑ ′′(t,R) � 1

h2
.

Analogously, and assuming the no-slip conditionvz(t,R) = vϕ(t,R) ≡ 0 to hold for all t , we expand the velocity
components inside the slab


vz(t, r) = vsz(t)

r − R

h
+ 1

2
v′′
z (t,R)(r − R)2 + o

(
(r − R)2

)
,

vϕ(t, r) = vsϕ(t)
r − R

h
+ 1

2
v′′
ϕ(t,R) (r − R)2 + o

(
(r − R)2

)
,

(5.1)

and we neglect the second order terms both invz andvϕ . In (5.1),vsz andvsϕ denote thez- andϕ-components of the molecular
velocity computed at the end of the boundary layer, and not at the boundary (wherev = 0 by effect of the no-slip condition).

Let us now focus attention on the tangential-radial configurations, where the curvature effects can be better detected. Thus,
we assume thatξ ≡ 0 andvz ≡ 0, and we integrate (4.2)1 over the cylindrical slab delimited by the boundary{r = R} and the
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surface{r = R + h}. Considering (3.6)2, and keeping only the leading order in which curvature effects can be defected, we
arrive at:

h

(
ϑ̇s − vsϕ

2R

)
= Kϑ ′

s + Ks

γs(ϑs)
. (5.2)

In (5.2),ϑ ′
s denotes the radial derivative of the director direction computed atr = R +h, γs is the effective viscosity introduced

in (1.3), andKs is the total torque exerted by the boundary layer:

R+h∫
R

r Hs(r)dr =: Ks(R + h).

The factor 1/2 which multiplies the tangential velocity in (5.2) comes from the fact that we are assuming thatϑs is almost
constant throughout the boundary layer, while the tangential velocity is null at the surface{r = R} and equal tovsϕ at
{r = R + h}.

Similarly, if we integrate (4.2)2 over the boundary layer, the leading order yields:

vsϕ

2
=

(
γ1

γs(ϑs)
− 1

)
Kϑ ′

s + Ks

γ1 − γ2 cos 2ϑs
. (5.3)

Finally, if we use (5.3) to eliminate the velocity from (5.2), we arrive at:

hγs(ϑs)

(
1+ g(ϑs)

f (ϑs)

h

R
+O

(
h

R

)2)
ϑ̇s = Kϑ ′

s + Ks, (5.4)

wheref andg are defined as in (1.4).

5.1. Effective viscosity in cylindrical flows

Eq. (5.4) has the same structure of (1.1), provided we replace in this latterγs by

γ̃s(ϑ) = γs(ϑ)

(
1+ g(ϑ)

f (ϑ)

h

R
+O

(
h

R

)2)
. (5.5)

Thus, the curvature of the external surface modifies the effective viscosity. The sign of the leading order of this correction
depends on both the concavity of the surface and on Leslie’s coefficients. The former determines the sign ofh: h > 0 if the fluid
flows outside the cylindrical surface, whileh must be taken negative if the nematic occupies the inner side of the cylinder.

On the other hand, the sign of the ratiog/f depends only ong. In fact, by using dissipation arguments it is possible to prove
[3,15] thatf (ϑ) must be strictly positive for all values ofϑ . Thus, and sinceg(ϑ) = α2 cos2ϑ − α3 sin2ϑ , the sign ofg/f
depends only on the relative signs of the Leslie coefficientsα2 andα3.

• If α2/α3 > 0, we can introduce the critical angleϑ∗ := arctan
√

α2/α3 ∈ (0,π/2). The ratiog/f has the same sign ofα2
andα3 whenϑ ∈ [0,ϑ∗) ∪ (π − ϑ∗,π], and the opposite sign otherwise, withg(ϑ∗) = g(π − ϑ∗) = 0.

• If α2/α3 < 0, the ratiog/f shares the same sign asα2.
• If α2 is null, g/f has the opposite sign with respect toα3, with g(0) = g(π) = 0.
• If α3 is null, g/f has the same sign ofα2, with g(π/2) = 0.
• Clearly,g/f vanishes if bothα2 andα3 do so.

We remark that for materials that align in shear and satisfy Parodi’s relationα6−α5 = α2+α3 [22], it holdsα2 � α3 < 0 [23,
24]. These materials have a positive ratioα2/α3, and thus also a critical angle of the director in which the curvature correction
of the effective viscosity changes sign. Furthermore, it has been recently proven that the degeneracy of the ratioα2/α3 is deeply
related with the onset of defects in Poiseuille nematic flows [25].

To conclude this section, and in order to give a quantitative idea of how the ratiog/f depends onϑ , we consider the
following expressions for the Leslie coefficients, first derived by Marrucci [26,27] and widely used thenceforth [28–30,25]:

α1 = −s2 k(s), α2 = − s(1+ 2s)

2+ s
k(s), α3 = − s(1 − s)

2+ s
k(s), α4 = 1− s

3
k(s), α5 = sk(s),

α6 = 0. (5.6)

In (5.6), s denotes thedegree of orientation[31] of the nematic liquid crystal,k(s) := η0 (1 − s2)2, andη0 is related to the
isotropic viscosity of the flow [32,31]. We remark that any nematic liquid crystal that satisfies (5.6) possesses a non-symmetric
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stress tensor. In fact, as we have already underlined in Section 2, the stress tensor is symmetric only if bothα2 = α3 and
α5 = α6, but (5.6) shows that these requirements are satisfied only whens = 0, i.e., in the isotropic phase.

If we replace (5.6) in (1.4) we obtain:

f (ϑ) = 8+ 8s + 14s2 − 3s3 + 12s(2 + s)cos 2ϑ + 3s2(2+ s)cos 4ϑ

12(2+ s)
and (5.7)

g(ϑ) = − s(3s + (2+ s)cos 2ϑ)

12(2 + s)
, (5.8)

so that

g(ϑ)

f (ϑ)
= − 6s(3s + (2+ s)cos 2ϑ)

8+ 8s + 14s2 − 3s3 + 12s(2 + s)cos 2ϑ + 3s2(2+ s)cos 4ϑ
.

By analysing the sign of (5.8)1, it is easy to prove that the dissipation conditionf (ϑ) > 0 ∀ϑ holds for all values of the
degree of orientations ∈ (−1/2,1), but the extremess = 1 (wheref (ϑ) = 2cos4ϑ vanishes ifϑ = π/2) ands = −1/2 (where
f (ϑ) = 1/(3− cos 2ϑ)sin2ϑ vanishes ifϑ = 0). Furthermore, from (5.6)2 and (5.6)3 we find that

α2

α3
= 1+ 2s

1− s
> 0 ∀s ∈

(
−1

2
,1

)
.

Fig. 2. Dependence of the critical angleϑ∗ on the degree of orientations. For materials that align in shear, the ratiog/f has the sign of the
Leslie coefficientsα2, α3 whenϑ ∈ [0,ϑ∗) ∪ (π − ϑ∗,π ], and the opposite sign otherwise, withg(ϑ∗) = g(π − ϑ∗) = 0.

Fig. 3. Correctiong/f of the effective viscosity as a function the angleϑ betweenn and er , when the Leslie coefficients{α1, . . . , α6} are
chosen as in (5.6). The degree of orientations attains the values 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, and 0.8.
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Thus, there exists a critical angleϑ∗, given byϑ∗ = arctan
√

1+2s
1−s

, where the correction of the effective viscosity changes sign.
Fig. 2 shows thatϑ∗ increases monotonically withs: it tends to 0 whens → −1/2, attains the valueπ/4 whens = 0, and
approachesπ/2 whens → 1.

Finally, Fig. 3 shows howg/f depends onϑ for different values of the degree of orientations: g/f is maximum when
ϑ = π/2 (planar anchoring), with a peak which diverges whens → 1. Clearly, the curvature effects vanish whens → 0, i.e.,
close to the nematic-isotropic transition.

6. Conclusions

In this paper, we have analysed the flow of a nematic liquid crystal bounded by a cylindrical surface, which induces both
translational and axial symmetry. Curvature effects are more tangible when both the director and the macroscopic velocity of
the nematic molecules are orthogonal to the axis of the cylinder. When this is the case, it is not possible to obtain a bulk motion
equation for the sole director, since even in the absence of elastic or surface torques a macroscopic velocity may induce a
director rotation.

Nevertheless, we have shown that the phenomenological boundary condition (1.1) can be applied to describe also a nematic
liquid crystal flowing close to a curved surface. However, it is necessary to replace in itγs with the effective viscositỹγs
introduced in (5.5).

Eq. (5.5) shows that̃γs may be greater or smaller thanγs, depending on the concavity of the external surface and the director
direction. More precisely, we have shown that in materials that align in shear it exists a critical angleϑ∗ across which the
curvature correction to the surface viscosity changes sign. Fig. 2 shows howϑ∗ depends on the degree of orientation of the
nematic when Marrucci’s expressions are used for the Leslie coefficients. Finally, Fig. 3 shows that, depending on the degree of
orientation, the curvature correction is maximum when the surface director is tangent to the boundary.

We conclude by remarking that, besides the curvature of the boundary, there are other factors that may influence the effective
viscosity in nematic flows. Among them, a key rôle should be played by the biaxial layer induced by the surface in the otherwise
uniaxial nematic [33]. The dynamical theory of biaxial nematic liquid crystals [34,35] allows in principle to repeat the analysis
here performed to account for biaxial effects. However, these latter are expected to be most tangible during transient regimes
[36].
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